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Figure 12. Decision noise model fitted to data from Experiments 1 and 2 of Balakrishnan (1998a), mixed suc-

cessive condition. Left panels show the same data as those in Figure 1.
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Figure 13. Decision noise model fitted to response proportions across confidence ratings from Experiments 1 and 2 of Balakrishnan

(1998a), mixed successive condition.

accounted for by the DNM, and the fitted values were
similar to those in the previous experiment, although the
criterion shift was not as large.

In addition to fitting the statistics shown in Figure 12, it
is important for us to show that the model can reproduce
similar upper bound predictions about the amount of bias
present in these experiments. In both of these experiments,
not only was there little evidence for criterion shifts accord-
ing to the Up(k) function, the experiments should have been
powerful enough to detect shifts, because the upper bound
on the proportion of biased responses was fairly small (i.e.,
around .015). This result is indexed by the overall propor-
tion of least confident responses made in each experiment.
Figure 13 shows the model’s predictions about the prob-
ability distribution across responses for both conditions of
both experiments. Predicted values for the least confident
responses were small and similar to the observed values.

These demonstrations show that the DNM is able to
account for the observed data across three experiments in
fairly precise, quantitative ways. Thus, a version of SDT
extended to incorporate decision noise appears to be a rea-
sonably complete yet parsimonious account of the subop-
timalities and biases found by Balakrishnan (1998a; see

also Balakrishnan & MacDonald, 2002). Furthermore, in
each case, the model accounted for the data by assuming
that the criterion did shift, but that the shift was masked
by decision noise.

Application of the DNM to Van Zandt (2000)

The previous model fits each examined the ability of
the DNM to account for visual classification data pooled
across participants for manipulations of base rate. How-
ever, so far we have ignored payoff manipulations, which
have been shown to have effects similar to those of changes
in base rate. Furthermore, pooling data across participants
could hide individual variability that the model may be
unable to capture. In order to demonstrate the power of
the DNM for data from individuals, including payoff ma-
nipulations, we modeled the results of two experiments
by Van Zandt (2000), who presented data from individual
participants in a recognition memory experiment in which
confidence ROC functions were collected and base rate or
payoff structure was manipulated. Fits of the DNM to the
data from 15 participants are shown in Figures 14—16.

Experiment 1 of Van Zandt (2000) included two
between-participants conditions: fast and slow presenta-



484 MUELLER AND WEIDEMANN

- -
I Exp.1slow #1

AN

Y,
!

I Exp. 1slow #2

I Exp. 1slow #3

A=
A

I Exp.1slow #4

_‘,.§—:
L fo—o— \
J

i Exp. 1 slow #5

/4:§\!

Pr(corr) Obs.

ol dM oo o dMo o oMo ®O oMo O oMo o

Pr(corr) Pred.

) Obs.
|
1T 2 3 4 5 1 2 3 4 5 1

2 3 45 6 1

2 3456 024681 0246 81

Figure 14. Decision noise model fitted to data from Experiment 1, slow condition of Van Zandt (2000). Each row depicts observed and
fitted data from a different participant. The first two columns are observed and fitted U (k) functions, columns 3 and 4 are observed
and fitted probability correct, and columns 5 and 6 are observed and fitted C-ROC functions. Each connected sequence of points

represents a different base rate condition.

tion of words. Five participants in each presentation con-
dition were presented with twelve 32-word sets followed
by 40-word test sets containing 8, 14, 20, 26, or 32 of the
presented words. Another 5 participants took part in Ex-
periment 2, which had five different within-participants
payoff conditions (0, 1, 2, 3, or 4 points for hits, and 4, 3,
2, 1, or 0 points for correct rejections).

During the testing phase, participants were asked to rate
on a 6-point Likert-type scale how certain they were that
each word was old. Figures 14—16 show several statistics
computed on these data across the different conditions and
participants, as well as the DNM fit to the data.

Overall, the DNM provides an adequate fit to the data.
Notably, substantial individual variability exists across the
participants, and the model is able to capture this variabil-
ity with corresponding changes in parameter values. Al-
though it is difficult to see, substantial crossover effects in

the C-ROC functions are produced both by several human
participants and by the DNM.

The values of the fitted parameters for the DNM are
useful for interpreting the results. For these data, we esti-
mated two decision noise parameters: one for the central
classification criterion, and a second for all the remaining
confidence criteria. Additionally, we estimated three loca-
tion parameters: one for the central equal-odds/equal-base
rate criterion, and two for the means of the four confidence
criteria symmetrically distributed around the center. Thus,
the baseline response policy was completely specified by
five parameters. Additionally, the five condition manipu-
lations (base rate or payoff ) were fit by assuming that
the entire response policy shifted its mean symmetrically
about the equal-odds or equal-payoff point for the different
conditions, resulting in two additional parameters. Percep-
tual noise variance was assumed to be 0 for these simula-
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Figure 15. Decision noise model fitted to data from Experiment 1, fast condition of Van Zandt (2000). Each row depicts observed and
fitted data from a different participant. The first two columns are observed and fitted Uy (k) functions, columns 3 and 4 are observed
and fitted probability correct, and columns 5 and 6 are observed and fitted C-ROC functions. Each connected sequence of points
represents a different base rate condition.

tions. Thus, a total of seven free parameters were estimated Thus, our application of the DNM to the data in Van
for each participant, which accounted for the 50 degrees Zandt (2000) demonstrates that the effects revealed by the
of freedom of each C-ROC function in Figures 14—16. model hold up at an individual-participant level and are
Five additional degrees of freedom in Experiment 1 and not a result of averaging across participants. Indeed, the
one degree of freedom in Experiment 2 are present in the model fit individual participants well with relatively few
probability correct data; thus, 51-55 degrees of freedom free parameters. Additionally, the model is able to account
in the data were fitted for each participant using seven free  for violations of SDT stemming from payoff manipula-
parameters. Table 2 shows the fitted parameter values for tions, as well as base rate manipulations, in a recognition
all participants. Of special interest is the ratio between memory task.

the classification noise and the confidence noise. As in

the previous experiments, for each subject in each condi- DISCUSSION
tion, this ratio was greater than 1.0—ranging from 1.37 to
10.89—with a mean of 3.58, suggesting that confidence SDT has become—and is likely to remain—an important

noise is greater than classification noise. Furthermore, theoretical framework and a widely adopted data analysis
differences between conditions were attributed to shiftsin  tool, despite its many weaknesses. Its greatest strength and
the decision criterion, even though few of the Up(k) func-  greatest weakness is its simplicity: It provides a parsimoni-
tions suggest that the criterion shifted. ous and easily applied account of perception and memory
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Figure 16. Decision noise model fitted to data from Experiment 2 of Van Zandt (2000). Each row depicts observed and fitted data
from a different participant. The first two columns are observed and fitted Up(k) functions, columns 3 and 4 are observed and fitted
probability correct, and columns 5 and 6 are observed and fitted C-ROC functions. Each connected sequence of points represents a

different payoff condition.

retrieval that captures almost none of the true detail of the
underlying processes. Balakrishnan’s (1998a, 1998b, 1999)
extensive research on the assumptions and violations of
SDT has been an important contribution to the literature
on SDT and should not be cast aside lightly. Indeed, it has
shown that there are profound suboptimalities and biases
in true responding that are not captured by SDT. Yet, many
of his critiques are made on the basis of data from confi-
dence rating procedures, which add an additional layer of
complexity (and an additional set of assumptions) to their
interpretation. Thus, it is possible that the apparent viola-
tions of the assumptions made by SDT are really violations
of the assumptions about how confidence judgments are
made. Insofar as classic SDT assumes that responses are
under strategic control, it is reasonable for one to incorpo-
rate suboptimal response policies into an extension of the
theory, and, by doing so, we have shown that many of the
apparent violations of SDT can be explained.

Our research has uncovered three important results
suggesting that there is substantial uncertainty in re-
sponse processes: (1) The observed DS-ROC functions
do not change in response to base rate manipulations,
despite changes in C-ROC functions; (2) a high propor-
tion of sequential dependencies were found in confi-
dence responses; and (3) the DNM, which extended SDT
to confidence ratings with decision noise, accounted for
these data patterns across multiple data sets by assum-
ing decision-related noise. Together, these results sug-
gest that participants do not use static evidence criteria
to make responses, and they are especially unable or
unwilling to use confidence ratings in a consistent way.
Instead, great uncertainty exists between different confi-
dence states, and confidence responses appear to depend
on factors other than the internal level of perceptual evi-
dence. Next, we will examine each of our main findings
in greater detail.
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Table 2
Parameter Estimates of the Decision Noise Model to the Data From Van Zandt (2000)
+Med. +High +Med.
Classification ~ Confidence Conf. Conf. Equal-Odds Odds *Extreme
Experiment  Participant Noise Noise Ratio Criteria Criteria Criteria Criteria Criteria
1 slow 1 5.852 10.149 1.73 0.451 5.123 49.195 —0.872 —1.431
1 slow 2 5.668 33.106 5.84 —15.965 20.622 52.423 —0.591 —1.962
1 slow 3 5.674 13.471 2.37 —10.426 —1.399 51.509 —0.018 —1.447
1 slow 4 6.959 23.425 3.37 —25.762 14.718 50.976 —0.421 —3.271
1 slow 5 4.991 8.758 1.75 —0.538 8.846 50.584 —0.379 —1.125
1 fast 1 8.717 28.078 3.22 —35.239 19.351 51.440 —0.850 —-0.919
1 fast 2 7.827 16.653 2.13 —1.876 7.710 51.092 0.094 —0.134
1 fast 3 11.182 29.165 2.61 —5.241 11.032 50.983 —0.020 —3.378
1 fast 4 8.796 19.088 2.17 —6.606 6.098 52.468 0.336 —1.982
1 fast 5 9.939 49.093 4.94 —59.961 —37.480 53.216 —1.429 —4.559
2 1 10.700 82.676 7.73 —27.602 28.004 51.501 —6.948 —9.032
2 2 14.227 154.924 10.89  —125.264 43.671 50.289 —7.341 —12.567
2 3 13.029 19.216 1.47 3.121 20.635 49.134 —1.640 —3.575
2 4 7.155 15.427 2.16 3.757 19.437 50.091 —4.567 —9.337
2 5 10.425 14.257 1.37 0.998 7.011 48.365 —1.294 —2.705

External Noise and Distal-Stimulus-
Related Statistics

We showed that the source of the ROC asymmetry can
be identified by comparing DS-ROC and C-ROC func-
tions, and we found that for our data, these asymmetries
stemmed from response processes. Statistics related to the
DS-ROC function have seen little use in SDT analysis, al-
though they are easy to compute as long as external noise
is added to the stimuli and the level of this noise on each
trial is recorded. Although we did not do so in the pres-
ent article, one could use the area under this function as
a measure of perceptual-response sensitivity akin to 4”, 4
(Zhang & Mueller, 2005), or d”. If our conclusions are
correct and decision noise plays a substantial role in signal
detection tasks, then such stimulus-related statistics offer
an important tool for dissociating changes in perceptual
and decision noise across conditions.

Sensitivity measures depend critically on what factor
is used as a measure of the distal stimulus, because they
indicate the extent to which this variable is related to the
information used to make the response. Although we
used a value that was maximally diagnostic for our task,
related functions could be computed for other variables,
and the area under the function can serve as an index
of the extent to which a variable affects discriminability.
This could be especially useful in memory tasks, where
DS-ROC functions could be computed for different psy-
cholinguistic measures (e.g., frequency, imageability) or
other manipulations (e.g., study time, repetitions) and
could index the extent to which a specific variable is re-
lated to response discriminability. Variables completely
unrelated to discrimination produce an area close to 0.5,
whereas variables more closely related to discrimination
produce areas closer to 1.0.

Sequential Dependencies

We also found substantial sequential dependencies in
the responses made during our task. Such dependencies
are common in many perceptual tasks and could have
arisen for a number of reasons. One possibility is that

these dependencies are fundamental normative aspects of
human responding that have been learned through experi-
ence or that have evolved over the course of phylogeny
because they are useful in many important situations. This
may include shifts in classification criteria that occur as a
result of learning and feedback. Alternately, they may re-
flect optimal strategic responses to improperly perceived
sequential dependencies. A third explanation is that they
may arise because of a need to maintain consistency: Two
consecutive stimuli that are perceptually similar may be
given a similar confidence rating. Participants may in
fact not be aware of the perceptual evidence used to make
their decisions and may have essentially only two discrim-
inable states that confidence ratings can be produced from
(an argument that originated during the debates between
threshold theory and SDT; see Malmberg, 2002, for a re-
view). Thus, the sequential dependencies may not be a
fundamental property of the perceptual or response pro-
cesses, but a side effect of the task that asks participants
to distinguish between indiscriminable states.

The DNM

In this article, we presented a new extension of SDT
that we call the DNM, which allowed different sources
of noise to be parametrically manipulated and estimated
from data. We showed that this model could fit observed
data, and suggested that confidence-related noise may be
the source of the crossover ROC functions and the ob-
served failure of Up(k) peaks to move in response to base
rate or payoff manipulations.

Most importantly, the model revealed that across arange
of participants, experimental paradigms, and researchers,
noise related to confidence assessment was consistently
larger than noise related to two-category classification.
This result indicates that confidence ratings are relatively
unreliable and may lack power for testing assumptions
about underlying perceptual distributions. Consequently,
the model shows that decision noise is a factor that should
be taken seriously in order to understand decision making
under uncertainty.
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Response Time Measures and Sequential
Sampling Models

The models and statistics we have discussed in this ar-
ticle have not dealt directly with RT, which is an impor-
tant factor in decision theory. There are two broad areas
in which RT analysis may provide insights into the issues
covered presently: First, sequential sampling models that
make predictions about RTs may provide important in-
sights into the phenomena we have described in this ar-
ticle; second, RT measures may provide a convenient al-
ternative to confidence ratings.

Van Zandt (2000), for example, accounted for her data
with a sequential sampling model. In general, these mod-
els differ from SDT in their assumption that the perceptual
state changes over time as evidence about a stimulus is
sampled. In comparison with SDT, in which base rate and
payoff are assumed to only influence the placement of the
decision criterion, sequential sampling models offer con-
siderably more flexibility in how base rates and payoffs
can be modeled. Diederich and Busemeyer (2006), for
example, compared three different ways in which a se-
quential sampling framework could account for the effects
of base rate manipulations in a perceptual task. However,
just like SDT itself, such sampling models need to be aug-
mented with additional assumptions in order to produce
confidence ratings. Regardless, we have shown that deci-
sion noise plays an important role in signal detection tasks
and can account for the violations of SDT theory observed
by Balakrishnan (1998a, 1998b, 1999). Such noise can be
implemented in models that assume sequential evidence
sampling, and therefore our conclusions are not limited
to SDT.

One way in which a sequential sampling model might
produce confidence ratings is as a function of the time
taken for accumulated evidence to reach a decision crite-
rion. Consequently, it is possible to use RT as a proxy for
confidence ratings or strength of the percept, and to form
stimulus-related ROC functions using the techniques we
discussed earlier. Although RT to a binary decision might
not be subject to the same decision noise we observed for
confidence judgments, it is unrealistic for one to assume
that the mapping between the strength of the percept or
confidence and the associated RT is noise free. Thus, the
issues associated with testing the assumptions of SDT are
not unique to confidence ratings.

Summary and Conclusions

Our findings cast a new light on some recent criticisms
of SDT (Balakrishnan, 1998a, 1998b, 1999). We showed
that these violations are attributable to decision noise,
which suggests that confidence ratings are not appropriate
for forming ROC functions. Yet, our results did not unam-
biguously show that the underlying assumptions of SDT
were correct; they simply show that previous attempts to
test them have been inadequate and, consequently, that the
model is more difficult to test than previously thought.
Furthermore, the model we propose that does account
for the results is not SDT itself; rather, it is an extension
of SDT incorporating decision noise—a component that

many previous researchers have criticized SDT for ignor-
ing (a similar argument was made recently by Benjamin,
Diaz, & Wee, 2007).

We believe that the time has come to acknowledge the
importance of decision noise in signal detection tasks and
to begin moving beyond the simple application of SDT.
Even if the basic assumptions of SDT are correct, when-
ever decision noise exists, d” and  may be unable to sepa-
rate perceptual and decision processes in any meaningful
way, and will thus be of little use. Balakrishnan’s (1998a,
1998b, 1999) proposed statistics were intended to test for
the existence of suboptimality in the decision rule, and are
thus unable to distinguish between perceptual and deci-
sion noise as well. We hope that through techniques using
external noise (like the DS-ROC function used in the pre-
sent article), future research may be better able to isolate
influences of the perceptual and response systems and to
arrive at a clearer understanding of human perception and
choice under uncertainty.
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NOTES

1. In this article, we use the term signal detection task in a loose
sense, referring to the basic paradigm in which two stimulus classes
are discriminated and categorized into two classes (old or new, signal
or noise, yes or no, A or B, etc.). These can include classical detection
tasks (discriminating signal presence from absence), a wide range of
two-alternative forced choice tasks, recognition memory tasks, and other
stimulus classification tasks. Among other similarities, these tasks share
the property that a version of SDT is often used as a theoretical account
of the resulting data.

2. The peak observed in C-ROC functions normally corresponds to
the point at which the slope of the function crosses from being greater
than 1 to being less than 1; thus, it is an important equal-likelihood point
on the ROC function.

3. The fact that the average of multiple points on a downwardly con-
vex function like a ROC function must lie below the function is known
as Jensen's inequality. Jensen’s inequality implies that decision noise
will produce an observed ROC function that lies below some ideal la-
tent ROC function formed by the perceptual evidence alone and will
approach this latent function to the extent that a static decision rule
is followed.

4. The basic steps of a proof showing the correspondence between
the C-ROC function and Uy (k) are as follows: For 0 < x <y < 1, the
distance between the point (x,y) and the line y = x along the line with

slope —1is
N1/2(y—x).

Thus, any point on an ROC function has a distance to the diagonal pro-
portional to the difference between x and y. The C-ROC function plots
cumulative distributions for signal and noise against one another at each
confidence rating, whereas Ui(k) is formed by the difference between
these same cumulative distributions at each confidence rating. Conse-
quently, the distance from an ROC point to the diagonal is proportional
to its corresponding Uy (k) value.

5. Because of the normal distribution of the confidence criteria, the
sampled criteria are not constrained to be ordered according to the con-
fidence level they represent. If a criterion for more extreme confidence
level is closer to the neutral point than is the previously sampled crite-
rion, then it is also necessarily smaller than the percept, and the next cri-
terion level is sampled. This procedure was chosen solely for simplicity
and convenience, and details are given in Appendix A.

6. When interpreting single-condition ROC functions on the basis
of confidence, researchers often implicitly assume that a confidence
rating made after the stimulus is presented is equivalent to a criterion
shift made before the stimulus appears. If these are not the same, then
confidence-based ROC functions may not correspond to ROC functions
produced by manipulating base rate or payoff.

7. The degrees of freedom of the C-ROC analysis were 82 instead of
84, because the z-ROC slope from one condition of 1 participant was
undefined (only two different confidence ratings were used by this par-
ticipant in this condition).

8. Recently, Benjamin, Diaz, and Wee (2007) noted that reasonable
models of signal detection can be formed using decision noise instead
of perceptual noise. Although decision noise models are difficult to dis-
tinguish from perceptual noise models, Benjamin et al. ultimately con-
cluded that decision-noise-only models were untenable.

(Continued on next page)



490

MUELLER AND WEIDEMANN

APPENDIX A
The Decision Noise Model

The decision noise model is a simple attempt to add confidence judgments to a signal detection model while
allowing for environmentally introduced external noise, perceptual noise, and decision noise. Many different meth-
ods, distributions, and evidence combination rules could be used to simulate these processes, and the differences
between them are beyond the scope of this article. Our model generalizes these processes, using a simple account
of criterion variability. To begin, we define the signal and noise distributions (i.e., the distal stimuli) with the pos-
sibility of externally introduced noise. In signal detection theory (SDT), it is typically assumed that this noise is 0
or that it is confounded with perceptual noise, but in practice, signal detection tasks often introduce such noise in
a measurable way. For the density functions ( /) shown below, 1 and o refer to mean and standard deviation of the
normal distribution—N( u, o). If stimuli are presented without external noise, then the value of o would be 0.

.ﬁ:listal signal stimulus — N(:“Sa OS)
gl

Jdistal noise stimutus = N(4ty> On)

Next, we define the perceptual noise distribution and compute the perceptual stimulus distributions. In classic
SDT, the perceptual noise distribution is typically assumed to be the primary factor influencing the d” statistic. With
® denoting the convolution operation between two density functions, the perceptual stimulus distributions produced
by successive random sampling from external noise and perceptual noise are defined in Equations A1-A3.

f}‘)erceptual noise — N(O’ Uperc) (A 1)
fsignal perceptual distribution = fdistal signal stimulus ® fpcrccptual noise (Az)
fnoise perceptual distribution — ﬁiistal noise stimulus ® fperceptual noise (A3)

In Equation A1, 0y, refers to the standard deviation of the perceptual noise. Now, a response policy must
be defined that describes the probability of choosing each response given a perceptual stimulus intensity. For a
two-alternative classification, we assume that the response is made by comparison to a classification criterion
that is sampled from a normal distribution whose mean and variance are free parameters. Here, we define

F(x)=["_ f(y)dy.

The density of the sampling distribution is defined in Equation A4, and the resultant response policies are de-
fined in Equations A5 and A6.

fclassification criterion — N(/uclass + 6conditi0na Oclass) (A4)
pyes(x) = Fclassification criterion(x) (AS)
pno(x) =1 _pyes(x) (A6)

In Equation A4, ut,s and o, refer to the baseline mean and standard deviation of the classification criterion,
and Ogongition refers to the shift in the mean associated with the respective experimental condition. py.(x) indicates
the probability of giving a “yes” response if the perceptual stimulus has value x. Next, we assume that confidence
responses are controlled by comparison to multiple sampled confidence criteria through a conditional comparison
process. We assume that there are 2K confidence criteria with distributions whose means are distributed sym-
metrically around the classification criterion (and which are free parameters in the model). After the classification
criterion is compared with the percept, the locations of confidence criteria are sampled, and consecutive compari-
sons are made with successive criteria until a criterion exceeds the sampled percept (by which we mean that it is
further away from the sampled response criterion than is the percept). The criteria are examined in nominal order
from the center outward; their actual sampled values may fall in another order and, indeed, their means are not
restricted to follow any specific order. As a notational convenience, we define the absolute decrement function
dec(i) = sign(i)[abs(i) — 1] for abs(i) = 1, so that if i is 4, then dec(i) is 3, and if i is —3, then dec(i) is —2. Then,
the conditional densities of the sampled criteria are shown in Equations A7 and A8.

Jry = Jelassification criterion (A7)
Jiix exceeds kaesty = N(Melass T Ocondition T ks> Tcont) (A8)
ie{~K ..., -2-1,1,2,... K}
O, = —0,

In Equation A8, 9, refers to the difference between the mean of the classification criterion and the mean of con-
fidence criterion &;, and o,¢ refers to the standard deviation of the confidence criteria (i.e., confidence noise).
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The unconditional probability of a sampled percept exceeding each criterion can be calculated as:
F(X) = Fix exceeds kueey ™) X Fx exceeds ko (Y)> (A9)
where
Fassification criterion(X)> i=0,
Fk, (x)= Fki|x>ki,, (x)x FkH(x); i>0,

1=(1-F e, @ )x(1-F, @) i<0.

Finally, in order to compute the probability of each confidence response being made given a percept x, we
compute foreachie {—K,...,—2,—1,1,2,...,K}:

pconfidence,(,(+l,(x) =1- Fk,K(x)
pconfidence,(x) = Fk,(x) - decc(,,(x)

pconfidcncc(,(ﬂ)(x) = FkK(x)'

Simulated response policy functions computed with this formula are plotted in the main text in Figure 2. A
central classification criterion and 2K confidence criteria generate 2(K + 1) confidence responses. Note that
there is no equal-confidence response in this model, but one could be added by ignoring the medial classification
criterion and treating the percepts between the two innermost sampled criteria as the equivocal region.

It is easily verified that for every X, &, peonfigence(*) = 1, because all values of F(x) are between 0 and 1, so the
progression forms a telescoping series in which all intermediate terms cancel. Thus, for any X, peonfidence,(¥) 1S a
probability distribution over i. Together, peonfidence,(X) define a complete response policy, which can be combined
with signal and noise perceptual distributions and stimulus base rates to estimate signal detection parameters
either through a Monte Carlo simulation or numerical integration. For example, the C-ROC functions are defined
by the ordered pairs

N N
[anoise (])’ Zpsignal (J)J
J=i J=i

for each criterion i of the N confidence criteria, where
psignal(i) = prconfidence,(x) stignal perceptual distribution(x) dx

and

pnoise(i) = chonfidence,(x) X.ﬁloise perceptual distribution(x) dx.

The functions Uy (k) can be computed directly from the C-ROC function by computing
N N
Z psignal(-])_ 2 pnoise(j)'
=k Jj=k

As defined, the decision noise model can be simulated via Monte Carlo techniques so that individual trials
are simulated by sampling perceptual, external, and decision noise. This process is extremely computationally
intensive; thus, instead, we implemented the models in the statistical computing language R (R Development
Core Team, 2006) by numerically computing the densities of the distributions and by computing the effect of
consecutive random samples on these densities using the convolve () function in R. This function computes
a numerical convolution of two distribution densities using a fast Fourier transform operator. Doing so allows
us to quickly obtain highly accurate estimates of the probability distributions for each confidence response,
enabling data fitting through Newton-like methods using the R n1m function. Because perceptual noise was
set to 0 for the simulations presented here, the convolution operation is actually unnecessary, since the distal
stimulus is identical to the percept.

(Continued on next page)
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APPENDIX B
Procedures for Computing ROC Functions

If data from an experiment having multiple confidence ratings and multiple external noise levels are cross-
tabulated, then the DS-ROC function is computed by applying the same steps used to form the C-ROC function,
but on the rows instead of the columns (or vice versa). In order to illustrate this correspondence, we will first
show how C-ROC functions are formed on a sample data set, and then how DS-ROC functions are formed from
the same data set.

Suppose that data were collected in an experiment in which visual stimulus intensity had six distinct values
(100, 200, 300, 400, 500, or 600) and in which responses were made on a 6-point confidence scale, with 1-3
indicating a “low” response, and 4—6 indicating a “high” response. Table B1 shows hypothetical results from
such an experiment with 200 trials.

Table B1
Cross-Tabulated Data From a Hypothetical Experiment
With Six Confidence States (1-6) and
Six Distal Stimulus Intensities (100—600)

Rating
Low High
Intensity 1 2 3 4 5 6
100 5 5 6 2 3 2
200 9 15 8 3 6 3
300 4 8 13 2 3 3
400 2 3 6 9 7 5
500 2 6 2 9 11 6
600 1 3 2 7 7 12

Note—Each cell represents the number of trials that had a specific stim-
ulus intensity and confidence response.

Computing the C-ROC Function

The C-ROC is formed by first dividing the trials into two classes, on the basis of either stimulus intensity
or some nominal class that the actual stimulus was sampled from. In our example, we classify stimuli with an
intensity of 300 or less as “noise,” and stimuli with higher intensities as “signal.” These two stimulus classes
are shown in Table B2.

Table B2
Distribution of Confidence Ratings
for Noise and Signal Trials

Rating
Low High
Trial Type 1 2 3 4 5 6 z
Noise 18 28 27 7 12 8 100
Signal 5 12 10 25 25 23 100

Hit rate and false alarm rates can be computed from these distributions once a decision criterion is selected.
For example, if the criterion were placed between confidence levels 2 and 3, then the hit rate (signal trials cor-
rectly called signal) would be 83/100. Likewise, the false alarm rate (noise trials incorrectly called signals)
would be 54/100. In this analysis, we examine all hypothetical decision criteria, which consist of the points that
divide adjacent confidence states. Table B3 shows hit rate and false alarm rate for each hypothetical criterion.

Finally, for each criterion, the corresponding hit rate and false alarm rates are plotted to form the C-ROC
function. The C-ROC function corresponding to the data from Table B1 is shown in Figure B1.

Table B3
Cumulative Hit Rate and False Alarm Rate for Hypothetical Decision Criteria (k),
for Both Signal and Noise Trials

Criterion (k)
k<1l 1<k<2 2<k<3 3<k<4 4<k<5 5<k<6 6<k
False alarms 100 82 54 27 20 8 0

Hits 100 95 83 73 48 23 0
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C-ROC Function
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Figure B1. C-ROC function from hypothetical data in Table B1.
Each point is identified with its corresponding numbers from
Table B3, which are 100 times the plotted values.

Computing the DS-ROC Function

The DS-ROC function is computed by applying the same steps used to compute the C-ROC function, but on
the columns of Table B1 rather than on the rows. First, the different confidence responses from Table B1 are
aggregated into two classes (“high” vs. “low”), maintaining the distribution across distal stimulus intensities.
These values are shown in Table B4.

Table B4
Number of Trials Across
Stimulus Intensities
for Each Response Class

Response
Stimulus Intensity ~ Low  High

100 16 7
200 32 12
300 25 8
400 11 21
500 10 26
600 6 26
z 100 100

Just as hit rate and false alarm rate were computed for the C-ROC function, one computes the distribution of
stimulus classes for each transition between stimulus intensities. In effect, this procedure answers the question,
“What are the probabilities of ‘low” and ‘high’ ratings for different levels of stimulus intensity?”” For example,
if the hypothetical division between signal and noise were between 200 and 300, then this would have produced
52/100 signal trials for “low” responses and 81/100 signal trials for “high” responses. For each hypothetical
point separating stimulus intensities, the number of “low” and “high” responses are shown in Table BS5.

(Continued on next page)
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APPENDIX B (Continued)

Table BS
Proportion of Trials
With Intensity Greater Than £k, for
All Hypothetical Values of &
and Both Response Classes

Response

Division (k) Low High
k<100 100 100

100 < k£ <200 84 93
200 < k< 300 52 81
300 < k£ <400 27 73
400 < k< 500 16 52
500 < k£ < 600 6 26
600 < k 0 0

Finally, values in this table are converted to relative frequencies and plotted against one another to form the
DS-ROC function. Figure B2 shows the DS-ROC for our example, with each point labeled by the corresponding
numbers from Table BS5.

DS-ROC Function
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Figure B2. DS-ROC function from hypothetical data in
Table B1. Each point is identified with its corresponding num-
bers from Table BS, which are 100 times the plotted values.

Application to Real Data

The contrived example we provided is convenient, because regardless of whether stimuli were divided into two
classes on the basis of stimulus or response, there were exactly 100 of each. This is typically not the case for experi-
mental data, but the analysis does not depend on the overall proportion of stimuli and responses being equal.

In many experiments, not all data shown in Table B1 are available. Typically, no independent measure of
stimulus intensity is recorded; thus, when confidence ratings are collected, only the data in Table B2 are avail-
able. On the other hand, if one wants to compute the DS-ROC function, then no confidence ratings are required,
and data collected in an experiment that did not use confidence ratings might look like those in Table B5. In
our experiments, we used stimulus intensities that varied over a range of about 30 points, so our data matrix
contained 30 rows and 8 columns. Because we have so many levels of stimulus intensity, we typically plot the
DS-ROC as the line connecting the points, without identifying each individual point in the function.

(Manuscript received March 30, 2006;
revision accepted for publication September 25, 2007.)





